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Introduction
@0000

Clustering

Data X = (xj) 1< i< p 2continuous data set

1<j<p
Each individual i belongs to a unique cluster C; € {1, ..., K}.

Aim identify C; for each i based on individual profiles (x;)1<i<n

Methods

Distance-based Model-based
® k-means ® gaussian mixture models
¢ fuzzy C-means ® mixture of multivariate
e hierarchical clustering t-distributions
® pam
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Clustering with missing values

However, X is frequently incomplete... x; = (x9P5, xiss)
Ad-hoc methods Direct methods
® removing incomplete ® k-means (Chi et al., 2016; Honda et al., 2011,
observations Wagstaff, 2004)
® removing incomplete e fuzzy C-means (Zhang et al., 2016; Hathaway
variables and Bezdek, 2001)
® single imputation ® Gaussian mixture (Miao et al., 2016; Marbac

et al., 2019; de Chaumaray and Marbac, 2020)

Multiple Imputation (M)
® a popular method

® could be used for any clustering method
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Multiple imputation (Rubin, 1987)

@ Generate a set of M parameters (¢,,); <<y ©f an imputation
model to generate M plausible imputed data sets

P (Xmiss‘Xabs’ C1) o o P (Xm/'ss‘xobs. CM)
" n e | I | |
[ n n n [

L | L | L | L | L |

| ] - | ] = | ] = n = n =
" " " " "

n n | ] n [ | [ | | ] | ] n n
n n n n n
"I | T | = = I | " =

@® Fit the analysis model on each imputed data set: ), Var (um)

© Combine the results using Rubin’s rules
O 1M 9
O V=9 1Vn

. 2
@ T =25 Var (Lm) + 7T o ('Q’)m - ‘//)
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Challenges in clustering

Ml is not tailored for cluster analysis
® How to impute the incomplete data set?
® How to “average’ partitions?

® How to assess a ‘“variability” accounting for missing values?

Some works on the “averaging” step
® by stacking (Plaehn, 2019)

® by using consensus clustering methods (Faucheux et al., 2020;
Bruckers et al., 2017; Basagana et al., 2013)

Aim: highlighting how imputation, analysis and pooling steps
should be carried out
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Outline

@ Introduction

® Ml for clustering
Imputation
Analysis
Pooling

© Direct Methods
k-POD
Optimal Completion Strategy
Ignorable GMM

O Simulation study
Simulated data
Real data

©® Conclusion
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Imputation model for clustering: the issue

complete data incomplete data imputed data
. o "..
- -
o4 . I o
. .
| c e P . o
2.8,
o ] o ali ]
' T
ST e cluster 1 e cluster 1
7 e cluster 1 7 t Vi e cluster 2 7 e cluster 2
o o cluster2| _| & cluster3| | cluster 3
' cluster3| ® missing * imputed
.
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7/31



Ml for clustering
[o] le]e}

JM-DP (Kim et al., 2014)

Joint Modeling based on Dirichlet Process mixture of products of multivariate normal distributions

Based on a Bayesian formulation

/,Lk’Zk ~N (/Lo, h*IZk) Yo~ wt (df, G)
with diag(G) = (g1,-.-,8p) & ~ G (a0, bo)

Qk:VkH(l—Vg)

{<k
: { vk ~ Beta(1,«) and a ~ G(aq, by) for k < K
with
vk =1
® parameters: ( = (0, p, )
® hyperparameters: h, ug, df, ag, by, aa, ba
(gm)lngM is generated using a Data-Augmentation algorithm
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Properties

JM-DP

® accounts for the heterogeneity

® accounts for the heteroscedasticity

® the number of clusters is only bounded
Modeling assumptions

® based on the normality assumption

R package DPImputeCont (Kim, 2020)
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Other methods

Several relevant alternatives
¢ JM-GL (Schafer, 1997)
® FCS-homo, FCS-hetero (Audigier et al., 2021)

FCS methods can be easily modified
® to improve sparsity (Zahid and Heumann, 2019)
® to address outliers (Templ et al., 2011)

® to use semi-parametric models (Morris et al., 2014)

. e
Available in the R package clusterMI (Audigier and Niang, 2023)
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Analysis

Apply the cluster analysis to each imputed data set: V,,, V,,,

V,, — kmeans, GMM, ... for V,,, Fang and Wang (2012) proposed:

® generate C bootstrap pairs
(XC7>~(C) from X
1<c<C

® perform cluster analysis from T
X ’ ; U / \
(mec) to obtain (\IIC,\UC> .
1<e<cC

® classify individuals of X from W, and W,
to obtain (\II’C, ‘ﬂ’c)

® the instability V is assessed by averaging

the proportions of disagreements
Figure: Instability (V)
according to the number of

C
1 i
> o(We, V') /n? clusters (K)
c=1

V=

Ol
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Partitions pooling

W, the partition from (X°b5,X,’,’,’iss), which average U for (Vim)1<mem?

With complete data Jain (2017) extended to partitions

® the expected mean ® the mean estimate
arg min/ (W, W)dm (V™) arg minZda(\IJ,\llj) (1)
Ver, x JP, VePnk ;21

with ¢ a dissimilarity, @ € N, P,k the set of with (V;);_;_, a set of observed parti-
partitions of n observations in K clusters tions
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Partitions pooling

W, the partition from (X°b5,X,’,’,’iss), which average U for (Vim)1<mem?

With complete data Jain (2017) extended to partitions

® the expected mean ® the mean estimate
arg min/ (W, W)dm (V™) arg minZda(\IJ,\llj) (1)
Ver, x JP, VE€Pnk i1
with ¢ a dissimilarity, @ € N, P,k the set of with (V;);_;_, a set of observed parti-
partitions of n observations in K clusters tions
After MI
R M
V=arg minz 0*(V,V,)  (median partition problem)
VEP, Kk m—1
Properties

® Theoretically appealing, but solving (1) is highly challenging
® |terative algorithms are required (Vega-Pons and Ruiz-Shulcloper, 2011)
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Mirkin-based methods

0 chosen as the number of disagreements between partitions
1 if i and i’ belong to the same cluster
S (W, W) =32 i dir Siin = in one partition and not in the other
0 otherwise

Two methods can be exhibited
@ BOK: the space of solutions is constrained to (V1,), ., -, instead of P, «
@ SAOM: the BOK solution is improved by using stochastic relabeling of
individuals
Properties

® The error for the BOK solution does not exceed two times the error of
the optimal partition (Filkov and Skiena, 2004)

M M
> 6(Waok, Vi) <2 5(Wopt, Vi)
m=1 m=1

® SAOM provides a better solution, but computationally intensive
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NMPF-based methods

Non negative matrix factorization is powerful method widely used for
solving many optimization problems

Principle
® consider the Mirkin distance for §

® rewrite the optimization problem in terms of connectivity matrices
(Um)i<m<m instead of partitions (W), < e m

M
argmin Z S(W,V,,) <= argmin || U - U |2
VePK T Ued
with U= LM U,
Properties

® can be solved using various algorithms (Lee and Seung, 2001; Li
et al., 2007)

® monotone convergence
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Instability after M| (Audigier and Niang, 2022)

Following Fang and Wang (2012), the within instability can be assessed
by

1M
w2 Vm
m=1
while the between instability can be computed by averaging the
proportions of disagreements

1 M M
Ve SN (Vi V) [

m=1m'=1

the total instability T is

1 M 1 M M
:MZV,,,+WZZ<S Vo, W)/

m=1 m=1m'=1
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Properties

Based on a simulation study

® pooling partitions using NMF-based methods is less time
consuming and more accurate than Mirkin-based methods

® a larger value for M improves the partition accuracy (M ~ 20)

e T provides an accurate estimate for the number of clusters
with missing values
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k-POD (Chi et al., 2016)

Chi et al. (2016) proposed a direct method for k-means clustering

k-means k-POD
arg min || X — AB |2 arg min || Pq (X)—Pq (AB) ||2
A€H,B AcH,

® H set of membership matrices (n x k), Bkxp matrix of centers coordinates

| . ||F Frobenius norm

e QcC{l,...,n} x{1,...,p} — subset of the indices for observed entries
- X (i,j)eq
® Pq projection operator so that [Pa(X)]j = { 0 otherwise

The criterion is optimised by alternating imputation by bx and kmeans
clustering

Available in the kpodclustr R package
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FCM by optimal completion strategy (Hathaway and Bezdek, 2001)

fuzzy c-means

fuzzy c-means OCS

argmin argmin
n K r B r B X miss
D vkl = be i3 ZZ%« 1 (5%, ™) — by |13
i=1 k=1 i=1 k=1
s S

degrees of membership; « fuzzification parameter

The criterion is optimised by alternating FCM and imputation by weighted
centers

Z (H xi — by H2>
| i — be |3

K K
- )/
by <+ (Z’Yﬁ%)/(Z’Y%) k=1 k=1
i—1 i=1
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Ignorable-GMM (Marbac et al., 2019)

Gaussian mixture models (GMM)

K
f(x;0)= Zﬂkfk (x; Ok) 0 = (Ok)1<k<k » Ok = (kx> Zk)

Log-likelihood GMM Log-likelihood ignorable-GMM
n K p
Z/OgZ?Tkakj (x,-j;ij) Z/OgZWk H ka Xij ij
i=1 k=1 j=1 =1 jeo;
0; C1,...,p the subset of variables indices that are observed for
individual i

The criterion is optimised by using an EM algorithm
Available in the VarSelLCM R package
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Simulation study
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Simulation design: data generation

Complete data generation

® A base-case configuration: GMM with K = 3 components

w0

(0,0,0,0,A,A,0,A2)

= 1
f11 5, - O popp
H2 = (070707 07_A7_A7_A70) p g) P
PP P
2
M3 = (070707 07_A7A7A7_A ) p p p 1

ng = 250 (for all k in {1,2,3}), A=2p=0.3

® 10 other configurations varying: the separability between clusters, the number of
clusters, the cluster size, the balance between clusters sizes and the
heteroscedasticity.

Missing data generation
® MCAR: Prob(rj =0) =T Vi, j
® MAR: Prob(rj =0) = ®(ar + xj1) Vj#1
® 7 ¢ {10%, 25%, 40%}
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Simulation design: evaluation

For each incomplete data set (200 per configuration)
Multiple Imputation Direct Methods
@ Imputation (M = 20, using JM-DP)
@® Cluster analysis

® k-means ® k-POD (Chi et al., 2016) from the
kpodclustr R package

e fuzzy c-means ® FCM by optimal completion strategy
(Hathaway and Bezdek, 2001)

e clustering by GMM ® Ignorable-GMM (Marbac et al., 2019)

from the VarSelLCM R package
® Pooling by NMF

Criteria ARI, Full data
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Simulation study
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Results: base-case, MAR

model-I kmeans model-I cmeans model-I gmm
MAR 10% MAR 25% MAR40% MAR 10% MAR 25% MAR 40% MAR 10% MAR 25% MAR 40%

100-1-+%-r .-r -1--1-%-1-‘.-1- -r*%-r..-r
Il . "o

R " B
<" I B direct

r B

0.25

0.00
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Results: base-case, MCAR

model-I kmeans model-I cmeans model-I gmm
VICAR 10% VICAR 25% ICAR 40% WVICAR 10% ICAR 25% VICAR 40% VICAR 10% VICAR 25% VICAR 40%

"N IR RS I D
JINIEN N RS 4=

Method

_ =R
5050 | - direct

B

0.25

0.00

25/31



Simulation study
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Summary

Based on simulated data under mixture model distribution
® MI outperforms direct methods for kmeans and fuzzy ¢ means
e MI and direct methods provide similar ARI for GMM

e Differences between Ml and direct method highlighted for
kmeans with more separated clusters

e Similar results by modifying the number of clusters, the cluster
size, the balance between clusters sizes and the
heteroscedasticity

26 /31



Simulation study

Real data sets

Data
Varabie sworawer ® Gaussian assumption
n P Type Number for which K Silhouette (min) (max)
Shapiro rejects Index seems not observed
normality
wine 178 13 Real 7 3057 8 71 ®p Iarge
ovarian 216 100 Real 64 2 050 95 121
iris 150 4 Real 1 3 052 50 50 [ ] Ny Sma” compared to p
glass 214 9 Real 9 2 056 51 163
breast cancer 699 9 Discrete 9 2 059 241 458 ° partltlons nOt ObViOUS
Simulation design
Data sets generation Data sets analysis

® 25% missing values (MCAR or  ® missing values are addressed by MI
a MAR mechanism) (FCS-homo, M = 20)

® 200 missing data patterns per ® cluster analysis by k-means, fuzzy
mechanism c-means or GMM

® pooling using NMF
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Simulation study

Evaluation

Competitive direct methods

¢ k-POD (Chi et al., 2016) from the kpodclustr R package

e FCM by optimal completion strategy (Hathaway and Bezdek,
2001)

® |gnorable-GMM (Marbac et al., 2019) from the VarSelLCM R
package

Criteria: Adjusted Rand Index
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Simulation study

Real data, MCAR

kmeans kmeans kmeans kmeans kmeans

iris ovarian wine glass cancer
1.00-
0.75- . -+ —_— =
0.50- + : L = -t
0.25- e
——
0.00-
cmeans cmeans cmeans cmeans cmeans
iris ovarian wine glass cancer
1.00- Method
0.75- == - )
o ] -I- === * - direct
& o050 .+.
0.25" mlem EEEEH ™I
0.00-
gmm gmm gmm gmm gmm
iris ovarian wine glass cancer
1.00-
0.75- == Efg = :
0.50- —_— I*I %
0.25- be !
0.00- s
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Real data, MAR

Simulation study
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Conclusion
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Take-home message

Ml is a competitive method for addressing missing values in clustering

® for model-based or distance-based methods

® good performances on real data
In practice

e A suitable imputation model is required

® A large value for M is recommended

® The number of clusters can be easily estimated

® MI method is available in the clusterMI R package
Some perspectives

® Addressing mixed data

® Developing indices for clustering with missing values
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